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Graded index media whose electric susceptibility satisfies the spatial Kramers-Kronig relations
are known to be one-way reflectionless to electromagnetic radiation, for all angles of incidence. We
demonstrate how a family of these media, in addition to being reflectionless, also have negligible
transmission. To this end, we discuss how the transmission coefficient for the propagation of waves
through a medium whose permittivity is built from poles in the complex position plane, with residues
that sum to infinity, can be controlled by tuning the positions and residues of the poles. In particular,
we have shown how to make the transmission arbitrarily small, and hence maximise the absorption
of the wave’s energy. This behaviour is confirmed by numerical simulations.
I. INTRODUCTION
When designing graded index media—where the elec-
tric permittivity varies continuously in space—it is useful
to know which index profiles will completely absorb in-
cident waves. Such materials (perfect absorbers (PAs))
totally suppress both reflection and transmission. Fol-
lowing the birth of transformation optics [1, 2], there
has been a great deal of interest in finding materials
which suppress the scattering of electromagnetic radia-
tion without absorption, as these are an important in-
gredient in cloaking devices [3]. Transformation optics
can also be used to design PAs. For example, perfectly
matched layers (PMLs) [4] are commonly used in nu-
merical simulations to absorb waves without reflection.
However, they generally consist of an anisotropic per-
mittivity and permeability, making them difficult to re-
alise practically. In this work, we design non–reflecting,
non-transmitting non-magnetic, isotropic graded index
media, building on the recent findings on the reflection-
lessness of spatial Kramers-Kronig media [5, 6]. Absorb-
ing graded-index media have been realised experimen-
tally using metamaterials to create a Lorentzian shape
permittivity profile (typical of a resonance in the fre-
quency domain) whose permittivity satisfies the spatial
Kramers-Kronig domain [7].
In order for electromagnetic radiation to be absorbed,
the material must be lossy, meaning the permittivity is
required to have a non-zero imaginary part. To design
a PA, it may seem that one just needs to insert a slab
of highly lossy material into the system. However, as
the dissipation in the slab is increased, the reflection also
increases until eventually nothing is absorbed. Reflec-
tions at normal incidence can be reduced by impedance
matching the slab with vacuum (equal relative permit-
tivity and permeability,  = µ) (see, for example [8]). In
contrast here we look to have low reflection for graded
non-magnetic media for all angles of incidence where the
dissipation is large and confined to a region of space on
the order of the wavelength of incident radiation. An-
other means to achieve perfect absorption is by using
coherent perfect absorbers (CPAs) or ’anti-lasers’ [9, 10].
Here waves are incident from opposite sides onto a lossy
medium whose phase difference is such that the corre-
sponding outgoing (or reflected) waves are eliminated
through destructive interference, thus ensuring that all
the waves energy ends up in the medium. Alterna-
tively, thin layers of hyperbolic metamaterials have been
shown to be perfectly absorbing to transverse magnetic
(TM) polarised radiation in a relatively small frequency
band [11]. Also metamaterials consisting of unit cells
with two metallic resonators can be impedance matched
to yield low reflection and high absorption in a small
frequency band close to normal incidence [12]. Indeed
metamaterials with gradually changing properties are
one route to producing graded index media [13]. Such
metamaterial perfect absorbers (MPAs) need not how-
ever be polarisation sensitive [14] and can additionally
function for a wide range of frequencies and angles [15].
A more comprehensive discussion of MPAs may be found
in the review article [16]. In this work we explore a new
way to determine distributions of dissipation in order to
find media that do not reflect and totally absorb incident
radiation.
II. THEORY
Consider the situation of a monochromatic wave of fre-
quency ω incident on a linear isotropic material whose
permittivity varies only along one direction, as shown
in figure 1. The electric field ϕ corresponding to
FIG. 1: A wave of wavenumber k0 = ω/c is incident from
the negative x axis upon a material whose permittivity may
be described by (x) and is spatially homogeneous along the
y direction. In general it is expected that the incident wave
will split into three parts: a reflected wave, a transmitted
wave and a part absorbed into the medium.
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2a TE polarised plane wave propagating in the (x, y)-
plane through a material uniform in the y direction
with permittivity (x) and unit permeability satisfies the
Helmholtz equation[
d2
dx2
+ k20(x)− k2y
]
ϕ(x) = 0. (1)
Here k0 =
ω
c and ky determines the angle of incidence
of the wave. In what follows it is assumed without loss
of generality that ky = 0
1. Considering the situation of
a medium sitting in free space, it is natural to split the
permittivity up into its background value and the elec-
tric susceptibility χ containing the inhomogeneous part
(x) = vac + χ(x). Previous work has shown that speci-
fying properties of the permittivity in the complex posi-
tion plane z = x+ ix′ allows control of the reflection and
transmission characteristics of a graded planar medium.
Specifically graded index media whose susceptibility sat-
isfies the spatial Kramers-Kronig relations
Re(χ(x)) =
1
pi
P
∫ ∞
−∞
Im(χ(xˆ))
xˆ− x dxˆ
Im(χ(x)) = − 1
pi
P
∫ ∞
−∞
Re(χ(xˆ))
xˆ− x dxˆ
(2)
are reflectionless to waves incident from the left x =
−∞ [5, 6]. Such a condition corresponds to the per-
mittivity being an analytic function of position z in the
upper half complex position plane (x′ > 0), and decaying
to vac as |z| → ∞ in this half plane.
The media we will be considering will decay as O(1/x)
or slower as x → ±∞ and the usual definition for the
reflection and transmission coefficients for such extended
profiles based on the incident, reflected and transmitted
plane waves is not well defined due to the reliance on a
reference point, as pointed out by Longhi [17], although
reflectionlessness is still well-defined [18]. The moduli of
the reflection and transmission coefficients can be defined
unambiguously using the corresponding WKB waves [19]
1
(x)1/4
e±ik0
∫ x
a
√
(x′)dx′ . (3)
For spatial Kramers-Kronig media the transmission coef-
ficient can be calculated as an integral in the upper half
complex position plane
|t| = ek0Im
(∫
C
√
(z)dz
)
, (4)
where the contour C goes from x = +∞ to x = −∞
along a path above any branch cuts of
√
 [6] and this is
valid for all angles and both left-to-right and right-to-left
1 Setting ky = 0 corresponds to normal incidence. A non-zero ky
merely shifts the background value of the effective 1d permittiv-
ity.
propagation (although there will be reflections from the
right in general). Now consider a subset of the class of
spatial Kramers-Kronig media: permittivity profiles con-
taining a finite number of poles in the lower half position
plane:
(z) = 1 +
n∑
k=1
ak
z − zk +
m∑
k=1
bk
(z − pk)2 + ... (5)
Integrating around a large semi-circle C in the upper half
plane contributes half a residue from each of the simple
poles leading to a transmission coefficient [6]
|t| = e 12pik0Re
∑n
k=1 ak . (6)
It is therefore clear how to make graded index permittiv-
ity profiles having any desired transmission coefficient be-
tween 0 and 1 by tuning the residues of simple poles in .
Also, by including only double or higher order poles, we
can obtain profiles which give perfect transmission with-
out reflection (somewhat surprisingly they can be used
to design perfectly transmitting disordered media [20]).
However, it is not clear how to make the transmission co-
efficient negligible without taking the limit of one of the
simple pole residues going to −∞ (and hence the imag-
inary part of the permittivity to ∞). In the rest of this
work, we explore how to make the transmission coeffi-
cient negligible whilst keeping the permittivity bounded.
High absorption has been achieved experimentally by
a metamaterial having a profile of the form (5) where the
number of poles n is finite [7]. However, for these spatial
Kramers-Kronig media, to make the transmission coeffi-
cient completely vanish and have all of the incident wave
absorbed, it follows from (6) that we require a profile
where the sum of the residues is infinite∑
k
Re(ak) = −∞. (7)
This requires an infinite number of simple poles in the
lower half plane. For the series defining the permittiv-
ity (5) to converge, and hence for  to be everywhere
bounded, the sum
∑∞
k=1
ak
zk
must converge. In partic-
ular, there cannot be an infinite number of poles in a
compact space of the complex plane whilst still satisfy-
ing condition (7) and yielding a convergent permittivity
(5). Therefore, there must be poles extending infinitely
far out in the lower half complex plane. In going from (4)
to (6) for the transmission through a permittivity profile
given by (5), it was assumed that the number of poles,
n, is finite. However, it is not obvious that this holds in
the limit n → ∞ i.e. when there are an infinite number
of poles, because an interchange of limits is required: the
limit as the radius of the contour C in (5) tends to infin-
ity must be swapped with the infinite summation(s) in
(6). Fortunately, with an application of Lebesgue’s domi-
nated convergence theorem [21], it can be shown that the
transmission coefficient must vanish when the condition
(7) is satisfied.
3The effect of having such an infinite sum of residues is
to slow down the decay rate of the permittivity as x →
±∞. In particular, in the absence of any singularities in
the permittivity (x) along the real axis −∞ < x < ∞,
and any gain in the material (i.e. the permittivity has
non-negative imaginary part), it is the speed of decay
of the profile that determines whether the transmission
coefficient is zero, unity or somewhere in between. This
leads to the following classification:
|t| = 1 if χ(x) < O(1/x) as x→∞
0 < |t| < 1 if χ(x) = O(1/x) as x→∞
|t| = 0 if χ(x) > O(1/x) as x→∞.
(8)
Note that we are not saying anything about the real and
imaginary parts of χ separately. It is possible that they
decay at different rates. In particular, it is possible for
Imχ to decay faster than χ, thus leading to an absorption
higher than one would expect based on the decay of the
lossy (imaginary) part of the permittivity.
III. EXAMPLES
As an example of this, consider taking ak = −αk and
zk = −βki where α and β are positive constants. This
corresponds to the profile
(x) = 1− α
x
(
γ + ψ
(
1− ix
β
))
, (9)
where ψ(x) is the digamma function (the logarithmic
derivative of the Γ function) and γ is Euler’s constant.
Having constructed this function from an infinite number
of simple poles, note that asymptotically
(x) = 1− αlnx
x
+ O
(
1
x
)
as x→ ±∞, (10)
so here it is the weaker ln(x)/x decay which leads to a
profile with zero transmission. Since all terms beyond
the second term do not affect the transmission (see (5)
and (6)), for simplicity consider the profile obtained by
neglecting the O(1/x) part of (10) and displacing the re-
maining singularity to the lower half plane (which merely
causes an O(1/x) alteration in the profile):
(x) = 1− αln(
x
a + δi)
x
a + δi
, (11)
where δ and a are positive constants. This preserves
the required property of being analytic in the upper
half complex position plane, therefore satisfying the spa-
tial Kramers-Kronig relations. Wave propagaion through
such a material is simulated in figure 2 where the mate-
rial has been spatially truncated on either side at ±8λ.
The region where there is significant dissipation is rela-
tively small so we can consider these slabs as effectively
thick coatings of non-absorbing material that supress the
FIG. 2: (i) The real and imaginary parts of the permittivity
profile (x) = 1 − ln(k0x+2i)
k0x+2i
, truncated at x = ±50/k0. (ii)
The transmission coefficient on a logarithmic scale of a plane
wave propagating in either direction through the medium as
a function of incidence angle. (iii) and (iv) The reflection
coefficient for left and right incidence, respectively, as a func-
tion of incidence angle. (v) and (vi) Wave propagation simu-
lated in Comsol Multiphysics [22] by placing an out-of-plane
line source to the (ii) left and (iii) right of the medium and
the time-average of the absolute value of the electric field is
plotted. Reflection and transmission is suppressed for a left
incident wave whereas just the transmission is suppressed for
a right incident wave.
reflection from the thin region of large dissipation. This
allows for spatial truncation of the profile without affect-
ing the reflectionlessness of the material. Approaching
grazing incidence the reflection becomes significant since
imperfections in the truncation of the profile are magni-
fied.
Note that, perhaps surprisingly, as x→∞, the imagi-
nary part decays as O(1/x) in this example (as opposed
to O[lnx/x]), so we are in the situation described at the
end of the theory section whereby the susceptibility’s
imaginary part decays faster than the full complex sus-
ceptibility. From the lossy part of the medium one might
expect a transmission coefficient akin to that of a simple
pole i.e. between 0 and 1. However, it is the interplay
between the real and imaginary parts of the permittivity
that not only combines to give zero reflection, but also
the zero transmission property.
As an example of a slightly different behaviour of decay
for the permittivity which still gives zero reflection and
4transmission, consider taking ak = −α and zk = −βk2i
where α and β are positive. This corresponds to the
permittivity
(x) = 1− α
2x
(
−1 + e
pii
4 pi
√
x√
β
cot
(
e
pii
4 pi
√
x√
β
))
= 1− e
−pii/4αpi
2
√
βx
+ O
(
1
x
)
as x→ ±∞.
(12)
Following the same process of neglecting the O(1/x) part
of the expansion leads to the simpler permittivity profile
(again with the singularity displaced to the lower half
plane to preserve analyticity in the upper half plane):
(x) = 1− e
−pii/4pi
2
√
x
a + δi
(13)
where a and δ are positive constants. In this case the de-
cay is again slower than O(1/x); in this case it is O(1/
√
x)
for both the real and imaginary parts. This is plotted in
figure 3, (again truncated to 16λ). Much of the behaviour
FIG. 3: (i) The real and imaginary parts of the permittivity
profile (x) = 1− e−pii/4pi
2
√
k0x+i
, truncated at x = ±50/k0. (ii), (iii)
and (iv) The transmission, left incidence reflection and right
incidence reflection coefficient of a plane wave propagating as
a function of incidence angle. (v) and (vi) Wave propagation
simulated by placing an out-of-plane line source to the (ii)
left and (iii) right of the medium and the time-average of the
absolute value of the electric field is plotted. Reflection and
transmission is suppressed for a left incident wave.
for this example is similar to the previous example. How-
ever, in this case, it is noticeable that the reflection is also
low for a right incident wave. Reflections from general
’bumps’ in graded index profiles are difficult to quantify
a priori, though this example may open the possibility of
suppressing transmission and reflection from both sides
of the medium.
One of the advantages of these perfectly absorbing spa-
tial Kramers-Kronig media are their capability to per-
form at all angles of incidence and at different frequen-
cies. The profiles discussed in this paper have a thick-
ness (the region in which Im() is noticably different from
zero) on the order of a wavelength O(λ). A thin (sub-
wavelength) absorber can therefore be obtained by scal-
ing the profiles appropriately:
(x) = 1− ln (Ak0x+ 2i)
Ak0x+ 2i
(x) = 1− e
−pii/4pi
2
√
Ak0x+ i
,
(14)
where A > 1. Such a scaled-down profile may be bet-
ter suited practically as an absorber for coating objects.
However, one does have to bear in mind that, by imposing
this scaling, the amount of absorption will then be greater
restricted by the truncation, particularly at higher angles
of incidence. Ultimately, the thickness required depends
on the degree of imperfection one is happy with.
As discussed earlier, it is possible to create graded in-
dex media based on metamaterials [13], where the ma-
terial properties (i.e. the permittivity) can be tuned
by gradually changing the individual resonant elements
comprising the medium on a scale smaller than the wave-
length. Indeed this has been used as a route to experi-
mentally realising spatial Kramers-Kronig media [7] and
is thus probably the best known current route to obtain-
ing a physical realisation of the profiles discussed in this
work.
IV. CONCLUSION
We have used the method of design developed in pre-
vious work [5, 6] to examine permittivity profiles sat-
isfying the spatial Kramers-Kronig relations where the
transmission and reflection are zero. The earlier work
has explained why reflection vanishes for Kramers-Kronig
media but hasn’t considered how the transmission can
additionally be removed. The decay of the profiles can
be classified into three types on the basis of the trans-
mission properties, (faster than 1/z, full transmission; as
1/z, partial transmission; slower than 1/z, zero transmis-
sion). A typical graded index absorber has a permittivity
with an imaginary part increasing slowly in space. We
have designed perfectly absorbing permittivity profiles,
localised to a central region of the profile, which decay to
zero at infinity, but are constructed from sums of poles
with infinite net residues. They have negligible transmis-
sion for all angles of incidence and negligible reflection
away from grazing incidence. The findings were numer-
5ically verified for a finite slab of material using Comsol
Multiphysics [22].
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